Abstract. We give a sufficient condition on a Lévy measure μ which ensures that the generator L of the corresponding pure jump Lévy process is (locally) hypoelliptic, i.e., sing supp u⊆ sing supp Lu for all admissible u. In particular, we assume that
Introduction
Hypoellipticity of elliptic partial differential operators or, more generally, pseudodifferential operators is one of the classical topics in the theory of partial differential equations. Briefly, an operator L is called hypoelliptic if the singular support of u is contained in the singular support of Lu for all u in the domain of L. In particular, hypoellipticity comprises the C ∞ -regularity of functions on their domains of L-harmonicity where we call u : R d →R L-harmonic on Ω if Lu=0 on Ω. This analytic notion has, if L generates a strong Markov process (X t ) t≥0 in an appropriate way, a probabilistic counterpart. More precisely, a bounded measurable function u is said to be harmonic on Ω with respect to (X t ) t≥0 if u(X t∧τΩ ) is, for all x∈R d , a local P x -martingale. Here τ Ω denotes the first exit time of Ω and P x is the probability measure under which the process starts in x, i.e., X 0 =x a.s. If (X t ) t≥0 is a Brownian motion, this yields the mean-value property of classical harmonic functions. In fact, harmonicity with respect to a reasonable Markov process can always be defined by a generalized mean-value property, see for example [6] . Functions harmonic in this sense play an important role in the potential theory of Markov processes. This motivates an increasing interest for example in questions of regularity of these operators by probabilists. Since, by the theorem of Courrège [7] ,
The second author's research was financed by DFG (German Science Foundation) through SFB 611. [19] . Most of these papers deal with a-priori continuity estimates in the broader context of processes with space-dependent jump measures. They rely on a delicate interplay between lower and upper bounds on the jump measures, i.e., they deal with fixed order operators where the small jumps are in principle comparable to those of a rotationally symmetric α-stable Lévy process. The variable order case is far more difficult as it is for example emphasized by a counterexample in [1] .
In the present paper we concentrate on stochastic processes with stationary and independent increments, so-called Lévy processes. Their generators are translationinvariant and map
Hence they act as convolution with a distribution. We show that in this case essentially smoothness away from the origin and a lower bound on the Lévy measure are enough to yield smoothness of harmonic functions.
Let us give a precise formulation of our results: Let ν be a Lévy measure, i.e., a nonnegative Borel measure on
Moreover, we assume that ν is absolutely continuous with respect to the Lebesgue measure with a density n satisfying the following assumptions: It acts in the Fourier space as a multiplication operator with the continuous negativedefinite function associated to ν by the Lévy-Khinchin formula, cf. (5) below. Moreover, it is of order 2 on certain weighted Sobolev spaces H ψ,s (R d ), see Section 2 for precise definitions.
